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PREFACE 
A revolutionary method for predicting the transient behavior of a 
distillation column has been developed. This new method is based on the 
concept that the separation that occurs in a section of a distillation 
column can be described by a parameter that remains constant for small 
changes in column conditions. The driving force for the separation is 
the difference· between the equilibrium composition and the actual 
composition of passing streams. The results obtained with this new 
concept have been shown to agree favorably with experimental data. 
I am deeply indebted to Professor R. N. Maddox for the guidance and 
advice which he has given to me and for serving on my Thesis Review 
Committee; and also to Professors J. H. Erbar and w. c. Edmister for 
serving on my Thesis Review Committee. I would also like to thank the 
Graduate School of Oklahoma State University for the privilege of studying 
for the Master of Science degreej the School of Chemical Engineering for 
the financial support that I received during the first year of studyj 
and the National Aeronautics and Space Administration for the Traineeship 
which provided financial support during the second year of study. 
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In recent years,· with the deve-loPJnent of better. controlling devices 
and analytical instniments, the, desirability {)f having a ,mathematical 
model which will enable the prediction of the transient behavior of a 
distillation.column, has increased-to the point of almost being a necessi-
ty • .- Such a ·method must be able to pre·di:c.t::a9c1,i-rately. the effect of a 
; change in: operating variab-1es.·on the ._product composi t-ion. · .The predictions 
should be equally :accurate. during .t.he t.ransient period and at ~he fi~l 
steady-state. · .In this respect, if a change·irJ. th~ feed-composition, 
reflux rate;: or reboiler duty is experienced, the mqll.el should enable 
·t.h~-- pred·icti 01r:iof .the. .c.ha,nges r.in the· -operating variables which. are·-,re;. 
quir.ed to ·maintain a product .of a specified c~p!)sition. .The·::-m.odel.., s·l\01.dd 
ab.o:,enable reU.abl~ .predict.ion··.of ·the ti.me at which the .column will. 
<:again:came -~to. a. desired :.degree .,0£ steady-state. In. order'·. for the- model 
.to·.,be u.s-efuLfor.- design ,.p\lrposes, only the da.ta which are no~ally ob• 
tamed from a· ate.ady-st·ate computer solution>should :be required to use the 
, mode 1. A model· wtt~ t-hi s f ,ature can be .~used to design -th- control $.ystem 
for.- .. bhe column·.during .the. preliminary stages .. of cohunn:destgn and thus 
.. prevent overdesign .. of .. :·:the., control system • 
... The model should also be simple enougb.:-that it can be used by plant 
.. operating.·-per.s.onnel ·-and .. compact, enough,.-t.hat it can -be programmed- on a 
r; comput-e:c .. which can be ec.onomically installed in a plant. , the time requh:.ed 
1 
2 
to use the model on the plant computer .should also be at a minimum. 
These propertie-s, which will permit in .. plant use of the model, are desira-
ble' 8.o that the effect of a change in· operating conditions can be predicted 
.. 
as soon as the change is noticed. This ability to make an immediate change ·· 
in the Operating variables wi 11 permit closer con~rol of the dis ti Uati on 
column and could eventuany lead to complete computer control. 
Any model which is developed .for the prediction of the transient ·. 
behavior of a distillation column should, in addition to reliably pre-
dic.tin8 the transient behavior, be simple enough :to be used for in-plant 
operations, require only that data which is normally obtained from 
plant- colu~s or from computer calculations, and be versatile enough 
that· t,he'. slrtiultane1M, chafi:g1ng.···of several operating variables. can be 
inve-stigated·. · the ,·:purpose- of· this project has been to develop a mathe-
matical modelof·a.·&stillation column that will satisfy these conditions. 
CHAPTER II 
REVII!:W ,,OF THE LITERAT:UREi 
Pt.ior to 1934 almo&t, no work had, been done in .the field. of developing 
'',. . ,,,,,,,, .. , '' 
t!Ulthematical ,models of industrial processes. In 19:34, tvanhoff (11) pre .. 
. ' ' ' 
sented 1 a paper in which he made the first attempt at developing a mathe-
matical model f.rom a strictly empirical point of view. From the discussion 
acc:0tr1panyin8 the article, the results of h'i's· experiments appear to. have 
been,widely accepted. Se~eral other early authors (1, 27) also approached ,,, ,, 
the. development of dynamic,:models from an empirical point of view. These 
men .. would.··statisti.cally.cotrelate the behavior .of a process with, c::hap,ges 
in 1-ndependent variables and thus develop an approximatemo-del of the 
process. Several other researchers (7, 10, 12, 16) approached the problem 
of developing a dynamic model by constructing small scale plants and then 
developing a model from the results obtained. Although these early workers 
, were not interested in the cotitrol of distillation columns, but in 
tra~sient systems in general, their works formed the foundation of medern 
process dynamics. 
In 1947 Marshall .and Pigford (15) proposed the first mathematical 
· model of a distillation column. Their model was based on the equilibrium 
stage as shown in Figure 1. According to <the equilibrium tray concept, 
each tray mus!: be con~ide;ed individually, and th~ differential equation 
that predicts the tt:r-;ains,h:nt behavior must be written for each comporient 
in. the form 
3 
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dt = change in liquid holdup of a component on tray n with time. 
d(cSll -~ ) 
~-~~t __ n_= change in vapor holdup of a component above tray n with time. 
Ln-l xn-l + Vn+l Yn+l = rate at which -a c.omponent flows on to tray n. 
L x + V y = rate at which a component flows away from tray n. n n n n 
While this concept is theoretically sound, there are several drawbacks to 
using it. The mos't si'gnificant of these drawbacks is the vast number of 
equ·ati·<m.s that must be solved. This problem is perhaps best illustrated 
by an exampleo -If the c-olumn of -interest has.-,n trays and i components, 
then the number of differential equations that must be solved is n times 
i. Thus the model· is severely limited in its utility by its complexity. 
Since· neither digital nor analog compute.rs were well ,'developed at the 
time that.Marshall and Pigford developed the plate-to-plate model, a 
rigorous solution -·of the equations was almost impossible. The difficulty 
in usi·ng the Marshall and "Pigford model ,was compounded further by the 
fact tha't the trays are not normally equilibrium ones. Thus some method 
of· estimating the efficien--cy, or the approach to equilibrium, of each 
·tray was required. In o,rde-r to make the.ir model more useful, Marshall ai;,.d 
Pig:ford ma'de the following assu-mptions: 
1. constant molal ove-rflow 
2. n:egligi ble vap.or holdup above a tray 
3. that the deg-t-ee of equi Ubrium betwee.n the · liquid on the tray 
and the vapor above the tray could be represented by a straight 
pseudo equ i U brium U,ne 
6 
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While these assumptions enabled Marshall and Pigfotid to obtain an analyti-, 
cal solution to the differential equations, the ao::aum:c:y;; of the model was 
reduced by them. The assumption of negligible vapor holdup is normally a 
good assumption, but since the assumption pf cpnstant molal overflow re-
quires that the molal heats of vaporization of the components be equal 
and the assumption of a straight equilibrium line requires that the 
· concentration of the component be small, .the integrated equations are 
normally too restricted to be successful: on,actualasystems. ,., 
Some time after Marshall and Pigford developed their model, Rose and 
his co-workers (20, 21, .22, 23) applied the basic equation, equation (1), 
to a batch distillation column. In this application, . Rose et al avoided 
the. assumptions that limited the usefulness of the Marshall and Pig.ford 
equations by programming the differential equations on a digital computer. 
They were, however, confronted by the problem of excessive computer time. 
About the same time that Rose et al were publishing their work, . 
Robinson and Gilliland (19) developed an approximate graphical method for 
predicting the approach to steady-~tate of a distillation column. Their 
method was restricted to the cases where the column was upset by a change 
i.n the fee.d composition, .and like tll,e p;evi~s tJtodels was based on the 
equilibrium tray concept. 
Voetter · (24) was perhaps tq.~. first to combine experimental data with 
a theoretical analysis. He compared the equations of Marshaq and 
· Pigfor~ with experimental data that he obtained on a sixty tray Oldershaw 
distUlation celumn. The experimental and the t.heoretical values compared 
excellently during the early portion of the transient period, but as the 
column approached steady-state the experimental and the theoretical values 
differed considerably. Voetter's experimental results were for a single 
7 
section column under the influence of a step change, but he mathematically 
extended the results to a complete fractionation column under the influence 
of a frequency response function. In 1957 Wilkinson and Armstrong (25, 
26) presented some additional experimental data that were obtained on a 
five tray four-inch in diameter column which was operating on the carbon 
tetrachloride-benzene binary system. The equations they presented were 
only adaptations of the Marshall and Pigford equations and the assumption 
of a straight equilibrium line was still required. This work was, however, 
performed on a complete column. In 1961 Armstrong and Wood (2) published 
experimental as well as theo:r-etical results for a twentyQone tray distil-
lation columno The purpose of their work was to determine the effect of 
changing the reflux rate. At the top of the column the experimental and 
the theoretical values were in good agreement, but at the bottom of the 
column the experimental and theoretical values did not agree well. 
In 1961 Baber (3 9 4, 5) presented the most extensive experimental 
and theoretical study that has been published. He prograrrrrned a series 
of differential equations that were developed by Lamb a.:n.d Pigford (13), 
but were based on th.e e·arHer 1'1arsha11 and Pigford equations, on an 
analog computer. The results obtained on the computer ivere then compared 
with experimental data which he obtained. The experimental data were 
obtained on. a five tray, single section, distillation column. The method 
of operating the column was to H.l low the column to com(?. to steady~state 
at total reflux and then change one of the operating variables; either 
the reflux rate, the reflux composition, or the vapor rate. The flow 
rates and compositions of the various streams were determined before the 
step change was ma.de and the compositions were measured at: intervals 
throughout the transient period. When the column reached steady-state? 
8 
the flOw rates and the compositions were again measured. For some of 
the e:icperimental runs~ Baber was able to get good agreement between the 
experimental and the computer values~ but for most of the runs he was 
unable to obtain good agreement. 
At the Baltimore meeting of the American Institute of Chemical 
Engineers, Marr (14) suggested a new concept for predicting the transient 
behavior of a distillation column. He suggested that in order to get 
away from the conventional and complicated plate-to-plate model, some 
parame.ter which could be used to de:;cribe the degree of separation that 
was occurring in a distillation column should be developed. Marr however 
did n.o more than to suggest the ideia and no further work was done on the 
model until Reynolds (18) began his work. 
Reynolds envisioned a distillation column as oeing composed of 
several sections in which there could be any number of trays. According 
to the section concept, as shown :in Figure 2y a section of a distillation 
column is that part of the column which lies between the points at which 
either feed streams enter or product str!Sarns leave the column. Aeco:rding 
to Reynolds~ the rate at which mass is transfet'red fr1:im the vapor phase 
to the liquid phase can be expressed by the equation 
V 
Nn 1· = -J~, i (y* ~ y)n.:i. 
~ u9 • 
where J . is the parameter which descr:I. bes the degree of separation 
119 l 
occurring in a section and (y>'< - y) i is the driving force for mass n, 
transfer in the section. 
(2) 
The reader will notice that equation(2) is identical in form with 
the equation that is normally used for mass transfer 
N = k (y"' - y) 




W X i w, 
Figure 2. A Distillation Column According to the Section Concept 
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and the conventional mass transfer equation. In deriving the conventional 
equation, the coefficient k is related to the diffusivity of the components 
being transferred. The coefficient in equation (2), however, is not re~ 
lated directly to the physical properties of the component being transfera 
red. The coefficient, J ,, is» as its definition says, a parameter that n,1 
describes the degree of separation that occurs in a section and as such 
is merely an empirically determined factor. 
Using this idea for the rate of mass transfer in the section, Reynolds 
developed a set of differential equations for the transient behavior of 
the liquid and vapor streams leaving the section. In developing the 
equations Reynolds made two major assumptions. The first of these asQ 
sumptions was that Jn,i remained constant for small changes of column 
conditions and the second was that of constant molal overflow throughout 
the sectio.n. After developing the model, Reynolds attempted to prove the 
model by comparing the values predicted with the model with experimental 
data, but was unable to obtain good agreement. Since the basic concept 
underlying Reynolds 0 work still seemed to have merit, the present project 
was begun in order to develop a model which would successfully reproduce 
experimental data. 
CHAPTER ILl 
DEVELO~NT OF Tim MODEL 
Since Reynolds was unable to get good agreement between the results 
that his model predicted and the experimental .results and because the 
basic idea of using a section concept r~ther than a plate concept still 
appeared to be reasonable, the present project was begun. The basic idea 
suggested by Marr and developed by Reynolds was used, but an entirely 
different method of attack was used. 
/·Assuming that the basic idea of the model developed by Reynolds ,is 
valid; i.e., that the net rate at ,-which mass is transferred from the 
vapor phase to the liquid. phase in a section can be represe~ted by e-
quation (2), a material balance can be made on the vapor stream entering 
arid leaving a section. Since the general law of conservation of matter 
applies; i.e .• , that the difference between the input and the output is 
the accumlation, the following,equations expressing the input, the output, 
and the accunulation are valid: 
input • V~+i Yn+l 1 . , (3) 
(4) 
.. :"\ V ) 
<JJ(8n Y i 
accumulation = :S. t n, (S) 
.. ,(6) 
The symbols· appearing, iineqq:al:ltona -(3), (4), and (S) and in the remainder 
11 
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of this thesis are defined in the Nomenclature section. The terms in e-
quation (4) may need further explanation than is supplied by the equation 
itself. Thus, in order to further the meaning of the equation, the expla-
nati.on that follows is presented. The output that is calculated in e-
quatiori (4) is the sum of all of the material that leaves the vapor phase, 
either by flow or by mass transfer. The rate at which a component flows 
from the section is equal to the flow rate in Vn+l Yn+l,i plus the in~ 
crease in the stream flow rate that occurs in the section~(Vn Yn 2i) dz' 
V d- z 
and the vapor phase is represented by the te;rm N 1• If equations (3), n, 
(4), and (5) are substituted into a material balance, the I'.e~ulting e-
quation is 
(7) 
A partial differential equation that represents the behavior of the 
composition of the vapor stream passing through the column can now be 
obtained by substituting i:eqmttih:m (2) into equation (7). The partial 
differential equation that results from.this substitution is 
J._(V y )dz 
m - n n,i + J . (y* - y) 
.J z n,1 n,i (8) 
A partial differential equation for the liquid stream that is 
analogous to equation (8) for the vapor stream can be obtained by making 
a material balance on the liquid stream passing through the section. 
In this material balance the input, output, and accumulation are repre-
sented by the equations 
(9) 
0 tput L X + c}(Ln xn.i) •dz + NL u • 1 1 . : i n- n- , 1 ;s z n, (10) 
,~,,). 
~cs; xn i) 




The terms that appear in equation (10) are like those that appeared 
in equation (4) except they apply to the liquid phase rather than the 
vapor phase. The equation that results from the substitution of equations 
(9), (10), and (11). into a mat·erial balance equation is 
~(L x i) 
• • n n 2 d ~ NL a z z n,i (13) 
Equation (13), which is similar to equation (8), is a partial differential 
equation that represents the behavior of the composition of the liquid 
stream passing through a section of a distillation column. 
Since the partial differential equations obtained for the liquid 
and vapor streams leaving a section of the column cannot, under normal 
circumstances, be integrated exactly some simplifications of the eq~ations 
are necessary. First, the partial derivatives a,(Ln xn 2i) and d.(Vn Yn2i) 
J.z az 
can be replaced by the approximations 
(Vn Yn 2i .. Vn+l Yn+l 2 i) 
6Z 




In order for the approximations represented by equations ((1':!i.); and (15) to 
be valid, the change in geightAz must be small. Since the groups 6V y i n n, 
and o1 x i are now functions of time only, the partial derivatives with n n, 
. respect to time can be replaced with total derivatives. Using this change 
from partial to total.derivatives, the approximations of equations (14) 
and (15), the assumption of constant molal holdup in a section, and the 
14 
assumpt.ion of constant rate of interphase mass transfer in a section, 
equations (8) and (13) can be rewritten in the forms. 
V d(y .. ) ~. n-r1 
0 n dt = - (16) 
,,, d(x ,) 
C-LI n,l 
Ori dt = - (L x . • L x . ) - NL . n n,1 n-1 n•l,1 n,1 
(17) 
Up to this point no attempt has been made to relate the net rate 
at which mass is transferred from the liquid phase with the net rate at 
which mass is transferred from the vapor phase; this relationship will 
now be shown. For this purpose~ consider a section of a column that is 
small enough that the molal holdups of the respective .phases is negligible 
in comparison to the flow rates of the liquid and vapor streams. For 
such a section, equations (16) and (17) can be written 
L 
• N • 
n,1 = 0 
(18) 
(19) 
Also for such a section, even under transient conditions; ,:the ·ove·r--au · 
material balance can be written 
Summing equations (18) and (19) and the subsequent use of equation (20) 
yields the equation 
tf · .. = J (y''' .. y) . 
n,i n,i n,1 
(21) 
Now b1y using equation (21 ) , equation (17) can be rewritten 
8:L d(xn2i) = • (L X • • L x 1 . ) • J (yi, _: y) . (22) 
n dt n n,1 n•l n- ,1 n,i n,1 
Equations (16) and (22) are valid for any system which meets the 
assumptions that were made in deriving them; however, they cannot be-
used in this present form because no method for evaluating J ., the n,1 
parameter that describes the degree of separation which occurs in the 
column, has been developed. In order to evaluate J . the assumption n, 1 
that it remains constant for small changes in column conditions must be 
made. In addition since the function J i (y'>': - y) • , which represents n, n,1 
15 
the net rate of mass transfer between phases? is based on passing streams 
which cannot be measured some method of approximating the driving force. 
for mass transfer must be developed. Reynolds attempted to use both the 
driving force at the top of the section and the average driving force 
(Reynolds defined the average driving force as the arithmetic average of 
the driving forces at the top and bottom of the column.) but did not get 
good results with either. In order to obtain a new method for representing 
the driving force for mass transfer, the line of reasoning which is de-
scribed below was used. 
If a section of the column is considered to be subdivided into an 
infinite number of subsections (as shown in Figure 3), the driving force 
for one of these infinitesimal subsections can be :represented by the 
equation 
(23) 
If the number of subsections for which the driving force applies is in-
creased to two? then the driving force for the two subsections m and m-1 
can be approximated by the equation 
(y>'t - y ) ] • = ( 1~) 2 . - y +'' . ill-l ,1, m- ,1 m !.,1 (24) 
If a. similar line of reasoning is used to extend the interval for which 
the driving force applies to the entire section, the driving force for 
the section can be approximated by the equation 
V Ym-1, i 







V +l y +1 · n n ,1 
















Figure 3. A Section of A Distillation Column Divide'd Into Subsections 
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(25) 
Thus equation (2) can be rewritten in the form 
(26) 
:· i 
Using equation (26), equations .(16) and (22) can be rewritten in the form 
. V d(y i) 
6n ~~ . • • (Vn Yn,i • Vn+l Yn+l,l) + Jn,i [ (Kx)n-1,i • Yn+l,) <27 > 
t. d(xn i) 
:Sn df · • • (Ln xn,i • Lnal·~xn•l,i) • J~~t[ (Kx)n-1,i • Yn+l}iJ (28 ) 
Now by assuming that J · is constant for small changes in column n,i 
conditions, a solution to the--{transient behavior of the compositions of 
the vapor and liquid streams leaving the column can be obtained by 
i. 
integrating equations (27) and (28). · In most cases the integration can• 
not be performed analytically and either numerical or graphical techniques 
I 
must be used. Regardless of which technique is used, the value of Jn,i 
must be obtained. TEqiu.atdron (27) must be equal to zero at the steady-
state since by definition d(Yn,i) • 0 at the steady-state. Thus by using 
dt 
the initial conditions in the column, a value for J· i can be calculated n, 
using the equati~ 
J • (Vn Yn,i Vn+l Yn+l,i) 
n,i (Kx)n-1,i • Yn+l,i 
(29) 
Likewise, since the time derivative for the liquid phase must be zero 
at steady-state~ equation (28) can be rearranged so that the initial 
liquid flow rates can be used to obtain Jn,i • Thus·· a value for Jn,i can 
also be obtained usi,ng the initial conditions and the equation 
• (L x • t, JC ) J • n n2i n+l n-1 1i 
n,i (Kx)n•l,i • Yn+l,i 
(30) 
!quatlami (29) and (30) reveal that the only information that ls 
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required to obtain a value for J . is that information that is normally n, 1 
obtained from a computer solution. Likewise, equations (27) and (28) 
reveal that the only information, other than that which can be obtained 
from a computer solution, that is required to use the model is the· liquid 
holdup. In addition, the data required to use the model are normally 
obtained on a distillation column. At this point, the reader will recall 
that one of the requirements of a successful model, as des.cribed in the 
Introduction, was that the model be derived from the data normally 
obtained on a distillation column or from a computer solution to the 
steady-state case. In comparison to this relatively easy to use model, 
the plate-to-plate models require, in addition to the data required by 
the present model, an extensive knowledge of the physical construction 
of the column itself. This knowledge of the physical construction of 
the column is required because the liquid holdup on each tray must be 
known and the dynamics of the liquid flowing across the trays must be 
known to calculate the efficiencies. 
Another advantage which the present model has over the more compli~ 
cated model is that while the plate-to-plate model requires a set of 
equationsi which includes an equation for each component, for every 
tray~ the present model requires a set of equations only for each section, 
and a section may include any number of trays. Thus for a simple 
fractionator which has only two sections~ a solution to the unsteady-
state problem can be obtained on the smallest of computers using the 
present model. The plate-to-plate model however would require one of 
the largest and fastest computers available. Due to this ease of calcu-
lation, the computer required by the present model is small enough to be 
installed in a plant, whereas the size computer required by the plate~to~ 
19 
plate model would not normally pe installed in a plant. 
Since the vapor and liquid holdup terms in equations (27) and (28) 
do not appear in equations (29) and (30), a logical conclusion would be 
that they do not haveany.effect:.on the final steady-state values, but 
only serve as time constants. A numerical integration of equations (27) 
and (28) using several different holdups 9 has shown this conclusion to be 
valid. A solution to the same problem was also obtained for the plate-to-
plate model (3). The results of both of these solutions, along with the 
plot of the experimental data (3) are shown in Figure 4. The experiments 
a:p:p-,ily,tli'!.g'.: t:.it:e data wi 11 not be discussed here, but wi 11 be discussed in 
complete detail in Chapter V. As can be seen in Figure 4, the transient 
solution obtained with the present model is one which has a first order 
time constant. Also, the solution obtained with the present ·model can 
be made to coincide with the experimental data by merely changing the 
holdup, while the plate-to-plate model does not follow the experimental 
data at all. The purpose of this comparison has not been to point out 
the fact that the plate-to-plate model does not approximate the curves, 
because it does in many cases, but to point out the fact that the present 
model can be made to follow the experimental data by merely changing the 
holdup term. 
In this chapter, a model for the transient behavior of a distillation 
column which can be used easily on a small computer and which requires 
only the data which are -normally ·obtained on a dist1llat1on column or 
from a comput·er solution· at the initial steady-state, has been developed. 
Within the assumptions that J . , the parameter whh:h describes the degree . n,1 
of separation in a section of a di-Stillation column, remains c't:>nstant for 
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section remains constant during the transient period, the model will enable 
the accurate prediction of the transient behavior of a distillat·ion column. 
CHAPTER IV 
EXTENSION OF THE MODEL TO A COMPLETE COLUMN 
In order for the method developed in the preceding chapter to be 
useful in practical situations, the model must be developed for a com-
plete fractioriati'on column like the one shown in Figure 5. Since the 
column has only one feed and two product streams it can be easily divided 
. . . 
into two sections 1 a stripping section and a rectifying section. 
p 
Referring again to Figure 5, the unsteady-state behavior of the 
rectifying section may be represented by the equations 




If there is no holdup in the condenser, the material balance for the con-
denser can be written 
'Dxo . ,t, L x . * vl Y1 . ,1 ·· C c,1 ,1 
If the accumulator is completely mixed and has a constant molal 
holdup, then the differential equation that predicts the composition 
of the stream leaving the accumulator is 
(33) 
(34) 
If there is no holdup in the feed section then the material balance 
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Lf xf,i a Ll xl,i + lf F xf,i (35) 
Vf Yf,i a V2 Yz,i .. (1-!f) F Yf,i (36) 
where 6f is the fraction of the feed that is liquid and (1-tf) is the 
fraction of the feed that is vapor. In obtaining these equations the 
feed section has been considered to be a mixing section is which no 
liquid is vaporized and no vapor is condensed. 
In the stripping section, that is, the section of the column below 
the feed section, the following equations are valid: 
a • (37) 
(38) 
If the reboiler holdup, like the condenser holdup, is considered to be 
negligible and the reboiler is treated as an equilibrium stage, the 
material balance equation can be written 
(39) 
In equation (39) the vapor leaving the reboiler is considered to be in 
equilibrium with the liquid leaving the reboiler. 
The above equations can be used, with an over-all material balance 
for the column, to obtain a solution for the transient behavior of the 
column. One problem which arises, however, is that of determining the 
internal flow rates at any time. The most accurate way of determining 
the internal flow rates is to make a heat balance for the column during 
the solution of the differential equations. While this method is un-
doubtedly the most accurate, it also increases the complexity of the 
problem. 
Another way that has been proposed to obtain the internal flow rates 
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is to first determine the initial flow rates by making.a heat balance 
and then to assume tha~ the flow rates change to the.ir final values 
immediately after the step change. If the step change is of a relatively 
small order of magnitude, the internal flow rates can be assumed to .have 
the same relationship with the external flow rates after the change as 
they did before the change. If the above assumptions are valid, the flow· 
rate of the liquid leaving the rectifying section can be expressed- as 
(40) 
In equation (4©), the term Pis defined by the equation 
(41) 
Once the.internal liquid rate is determined with equation (40), the 
internal vapor rate can ~e.determined with a material balance. 
Although the above approximate method is valid for small changes 
in column conditions, the heat.balance should be used to obtain more 
accurate results. In fact, the approxh1ate method should only be used 
when absolutely necessary, in order to conserve either computer time or 
space. 
Use of the ecqua~ions developE!d in this section wi U allow the accurate 
prediction of the transient behavior of a simple.fractionation column if 
the underlying assumptions are valid. The mos.t. important of these 
assumptions is that J 1 is a constant during the transient period. n, . 
CHAPTER V 
DISCUSSION OF TESTS FOR THE PROPOSED MODEL 
In order to prove the model that has been developed in this thesis, 
two different types of tests have been used. The first type of proof was 
to compare results obtained with the present model with the experimental 
results obtained by Baber (3) on the acetone-benzene system. The other 
type of test was to calculate an initial steady-state solution for the 
propane-n-butane system at a given feed rate and composition in a simple 
fractionation column. These initial steady-state data were used to de-
termine a value for J i' the parameter that describes the degree of sepa-n, 
ration in the column. The equations developed in Chapter IV were then 
used to predict the final steady-state to which the system would go after 
a change in the feed composition. The results of this prediction were 
then compared with the values obtained from a steady-state solution using 
the new feed composition. The results of these tests of the model are pre-
sented in Chapter VI. The steady•state model that was used to calculate 
the steady-state values was one developed by Erbar and Maddox (9). 
The experimental data obtained by Baber were obtained on a column of 
the type shown in Figure 6. Baber performed three different types of 
experiments in order to obtain data for as many types of perturbations 
as possible. The three types of experiments were different in that a 
different variable was changed in each type of experiment. The three 
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Figure 6. Di$tillation Column Used by Baber to Obtain Experimental Data 
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and the vapor boilup rate. These runs were designated the D-runs, the 
B•runs, and the M-runs by Baber. In the D-runs the column was allowed to 
reach steady-state at total reflux and then the composition of the reflux 
was changed with special precautions being taken to insure that the reflux 
rate did not change. This change in reflux composition without a change 
in the reflux rate was accomplished by taking reflux from tank II in 
Figure 6 instead of tank I. During these D•runs, t.he reboiler duty was 
held constant and no bottoms product was removed. 
In .the B-runs the reflux rate was increased, but the reflux cornpo-
si tion was not changed. This change was accomplished by sending the 
condensed vapors to the storage tank rather than tank I. The reflux was 
still taken from tank I and thus the reflux composition did not change. 
In these runs, like the D•runs, the- reboiler -duty was held con-atanf, but 
a small amount of bottoms product ··was' removed in order to keep the re .. 
boiler holdup constant. 
In the M•runs the reboiler du,:y was aecreased, and thus the i"tl.ternal 
vapor rate was &e.creased, while the r$flux rate and composition were held 
co11stant. This change was accomplished· by decreasing the steam· rate to 
the reboiler and sendin~ the condensed vapors·to the storage tank. In 
these runs, like the B-runs, a small amount of bottoms product was removed 
to keep the reboiler ·holdul> constant ... 
Since a small amount of bottoms product was withdrawn in the B-runs 
and in the M•runs, the composition of lhe vapor could not be assumed to 
be the same as the liquid leaving the bottom tray; and since Baber 
published neither the compositions nor the relationship between the vapors 
leaving the reboiler and the bottoms product, the vapor composition ·could 
not be calculated. This lack of.. information on· the composition of the 
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vapor stream entering the column greatly restricts the utility of the B-
and M-runs in proving the proposed model. The value of J i was, however, n, 
calculated for each run in order to see how much it varied. 
Sincep during the D0 runs, the reflux composition was held constant, 
the composition of the vapor leaving the reboiler was assumed to be the 
same as the liquid leaving the bottom tray~ and the changes in the flow 
rates were assumed to occur immediately ~fter the step change, the 
differential equations ~escribing the transient behavior of the column 
became amenable to analytical solution. The actual integration process 
appears in the Appendix, but the flnal equation obtained for the liquid 
is 
- exp - /L_1 ---J Jl 
\-o L 1.1 
1 
o · -(Ll - J ·~ + x 1 exp L . 6 
. 1 
For the vapor, the integrated equation is 
.· Fl . ;i1 [ xr<L1 • JI) • 11J "o + JI (Kx)Jc5 
[o l (Ll - Jl) - st (Vl >][Ll - Jl] 
~




In equations (42) and (43), the compositions. and other data are for the 
most volatile component, ac:e.tone. Equations (42) and (43) can now be 
used to predict the behavior of the liquid and vapor streams leaving the 
column and thus to compare the proposed model with experimental data. 
CHAPTER VI 
DISCUSSION OF THE RESULTS OF THE TESTS CONDUCTED 
TO PROVE THE PROPOSED MODEL 
The tests which were described in the previous chapter proved rather 
conclusively that the model developed in Chapter III is an excellent 
method for predicting the transient behavior of a distillation column. 
The tests on the computer solution have shown that the model can, by use 
of computer values for the initial steady-state, be used to predict the 
final steady-state values and the tests on experimental data (3) have 
shown that the experimental data curve can be reproduced if the proper 
holdup is used. Thus, the model has been proven experimentally to possess 
the power to predict the transient behavior of a distillation column in 
the preliminary stages of design. Table I contains the results of the 
test on the computer data and Figure 4, which appeared in Chapter III, 
shows that the experimental data can be reproduced if the proper holdup 
term is used. The results in Table I indicate that~ while the compositions 
of the internal streams predicted by the proposed model and those pre•-· 
dieted by the steady-state computer solution differ considerably, the 
difference between the product values is markedly smaller. The method by 
which the final steady-state values predicted by the proposed model were 
obtained is illustrated in the Appendix. 
The data from Baber 0s experimental runs were used for three purposes. 












RESULTS OF COMPARISON OF PROPOSED MODEL WITH 
STEADY-STATE COMPUTER SOLUTION* 
Table Ia 
Feed Compositions and Flow Rates 
Variable Before Change After Change 
Feed flow rate (# moles/hr.) 100 100 
Mole per cent propane 25 30 
Mole per cent n°butane 75 70 
Feed condition bubble1.point bubble point 
Table Ib 
Compositions of Product Streams and Internal Streams as-
Calculated With Erbar-Maddox Met-hod and Proposed 
Model at Initial and Final .Steady-States 
Initial Steady State.** Final Steady-State 
Er bar- Proposed Differ- Er bar .. Proposed Differ-
Maddox Model ence Maddox Model ence 
.89391 .89391 09185 .9651 -.0466 
.26552 .26552 .45831,. .36586 .09245 
.48920 .48920 .62296 .58136 .04160 
.25454 .25454 .34965 .31940 .03025 
.48881 .48881 .6~296 .58101 .04195 
.06072 .06072 .16079 .12955 .03124 
.08898 • 08898 .23170 . .18712 .04458 
~03549 .03549 .09792 .07850 .01942 
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"rCh.ange in column conditions effe~ted by changing the feed composition. 
t"Com~ositions given are mole frac~ion propane. 
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describes the degree of separation occurring in the· section remains es• 
sentially constant. This was done by calculating a value for J i for n, 
eac.h of the. runs of a, p·articular type and then calculating the mean value 
and the st.andard deviation. The complete results of these calcu-lations 
are shown. in fable II, but the mean values and the standard deviations 
are as follows: for the. D-runs the mean value of Jn,i was 107.2 and the 
standat"q deviation was 23.5: for th.e B-runs the mean value of Jn,i was 
110.1 ax,.cJ the,; standard. deviation was 14. 7: and for the M•runs the mean 
value of Jn,i was 104.2 and the standard deviation was 12.1. Obviously, 
the ~-- and M•runs would have be.en better to test the ability of the pro-
p<>se.d :mpde.l, t.o predict the transient behavior but as was mentioned above, 
the. cQmposit·iQ?J, of' thEt ·v.apor en~e,ring the column after the run was begun 
was not i<.nQWn• Using equation (42 ), the ability of the proposed ff.!.Odel 
to predict the final $teady-state from initial steady-state values anci 
final flow rates-was tested. The results with the present model were 
compared with the experimental results as were the results obtained by 
Baber with the plat,-to-plate model. The complete results of these tests 
are Rresented in 'fable III; however, a summary of the results 1s given 
below. The .average difference between the .. values calculated with the 
present model and the experimental values was 2.9 mole per cent while t.he 
average -difference between- the values calculated with the plate-to-plate 
model and·the expel;'imental values was 1.9 mole per cent. In addition 
to predicting _the final steady-state values as well as the plate.•to•plate. 
model, ~he~1mo:diel produces curves which follow the experimental data 
more closely. .This:- cmservat-ion. is borne out by the curves in Fi~res 4 
and 7. 
The re.sult.s given abQve f:or both the computer calculationii and the 
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TABLE II 
VALUES OF J . FOR THE INITIAL STEADY-STATES n,1 
OF THE EXPERIMENTAL RUNS BY BABER (3) 
Run No. 3n i , 


































COMPARISON OF VALUES PREDICTED BY PROPOSED MODEL WITH 
EXPERIMENTAL (3) VALUES AND THOSE PREDICTED 
BY PI.ATE-TO-PI.ATE MODEL (3) 
Run No. Change Predicted by Experimental 
Pr:orposed Model-!( Plate-to-Plate~" Change~·, 
" " 
D-2 q.119 -~0211 -.010 
D-3 ~.093 ~.087 -.021 
0-4 -.045 -.039 •• oos 
0-5 -.062 -.118 -.049 
D~7 -.083 ··.111 -.093 
D-8 -.031 -.024 -.031 
D-10 -.095 -.104 -.126 
0~11 -.046 -.019 -.024 
D-12 A.067 -.056 Q.042 
D-13 -.061 -.040 -.025 
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experimental tests indicate how necessary it is to accurately know the 
initial flow rates and compositions and the final flow rates of the 
various streams. This observation is supported by the fact that changing 
the internal flow rate in the column used by Baber as little as six moles 
per hour changes the final steady-state composition by approximately 
four mole per cent. Another reason is that since J . is of the same n, 1 
order of magnitude as the flow rates, an error in the initial flow rates, 
which is not compensated for in the final flow rates, will cause a re-
latively large error in the final composition predicted by the model. 
CHAPTER VII 
RECOMMENDATIONS AND CONCLUSIONS 
From the results of the series of tests that were conducted on 
the model that was developed in this thesis, several conclusions seem to 
be warranted about the model. First and foremost, the results indicate 
that the basic concept that the separation that occurs in a distillation 
column can be represented by a parameter that describes the degree of 
separation in the column is valid. Even though the results in some of 
the tests are not exactly correct, they are comparable in accuracy to 
the results obtained with the more complicated plate-to-plate model. In 
fact, in most cases the curves predicted by the present model follow the 
experimental data curves more closely than the curves predicted by the 
plate-to-plate model. This ability to reproduce the experimental curves 
leads directly to the conclusion that the transient behavior of a single 
section distillation column is a first order function 9 which can be 
represented by a first order time constant. 
Since the present model appears to be so pr~nising, the process of 
testing it should be continued. This continuation of the testing program 
is recommended because~ in the opinion of the author, the current program 
has not been e,,tensive enough. Future work on the testing of the model 
should be conducted on multicomponent systems rather thantl1e conventional 
binary ones and should include experimental work. The use of multicomu 
ponent systems is recommended for two reasons. The first reason is that 
37 
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since the model will eventually be used to evaluate multicomponent 
systems, such a system should undoubtedly be used to prove the model. 
The other reason for obtaining experimental data on a multicomponent 
system is that, while transient data for binary systems, such as the 
data obtained by Baber, are available, there are no sources of transient 




D = rate at which distillate is produced, moles/hour. 
F = feed rate to the column, moles/hour. 
fL = fraction of the section that is filled with liquid. 
n 
fraction of the section that is filled with vapor. 
J = the parameter which describes the degree of separation occurring 
in the section, moles/hour-mole fraction. 
K = vapor-liquid equilibrium coefficient. 
L = liquid flow rate, moles/hour. 
N = net rate of mass transfer between phases, moles/hour. 
S = cross sectional area of the column, sq. ft. 
V = vapor flow rate, moles/hour. 
x = liquid composition, mole fraction. 
y = vapor composition, mole fraction 
z = height of the section, ft. 
Greek Letters 
6 = holdup in a section or on a tray, moles. 
t = fraction of the feed that is liquid. 
1-t = fraction of the feed that is vapor. 
e = mola.,l density, moles/cu. ft. 
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Subscripts 
a = accumulator. 
b = vapor leaving the reboiler. 
C = condensate. 
d = distillate. 
f = feed section. 
i = component number. 
m = subsection number. 
n = section number. 
b = bottoms. 
,'( = equilibrium value, 
Superscripts 
L = liquid phase. 
o = initial condition. 
V = vapor phaseo 
Groups 
~=total derivative with respect to time. 
~t = partial derivative with respect to time. 
d_ = partial deri.vative with respect to distance. d z 
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INTEGRATION OF EQUATIONS (27) AND (28) FOR THE 
CONDITIONS OF BABER'S (3) _D-RUNS 
The D•runs made by Baber were performed on a column like the one 
illustrated in Figure 6 9 and during these runs the following variables 
were held constant: (Kx)0, J1, 1, v1, v2, L0, and L1• Since no bottoms 
product was removed, y2 = x1• Due to the constancy of the variables 
tested and the equality of y2 to x1, equations (27) and (28) can be 
integrated, analytically. 
Taking equation (27) and (28) and using the equality of y2 and x1, 
then for any component the resulting equations are 
(A,;.l) 
{A-2) 
Since equation (A-2) contains only one independent and one dependent 
variable and is a linear first order equation, it can be integrated easily 
For ease in handling, let 
(A-3) 
(A-4) 




Equation (A-5) can now. be integrated by using the techniques of 
separation of variables. The equation that results from this integration 
is 
o<t 
.. ln (~ .. o(X) = L .. ln cl . s 
1 
Equation (A-6) can be written in simpU.fied form as 




By use of the initial conditions that x1 = x~ at t = O, equation (A-7) 
becomes, on evaluation of c1, 
x1 • J., [ 1 • exp • ~ •P + x~ exp • (; •) 
1 1 
(A-8) 
Now that an expression for x1 has been obtained, equation (A-1) 
can be written in a form that contains only y1 and t. The equation 





Equation (A-9) can now be integrated by use of the integrating factor 
e. /.n..dt • e..n.t. This integration yields the equation 
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+ C .2 (A-13) 
. ·· .. i'·-,(;·'·~·,,.· 
. ~ . . . 
SJbstitQt:ton <!:f the. ~nitial value_ t"at y1 = y1 and of the values for 
<><,,,~,f, and4_ into equation (A-13) yiel~s the equation 
o; (?1 \ f: /V1 11' ·[ Jt (Kx)O [8 i (Ll • Jl (Kx)O) 
Y1 = ~1·~~ • ~-t/ + Ll • exp ls-Y- t __ ::_ . , ... . - .. ., · 
s S} (Vt " Jl (Kx)o1· (Jl " V2) st 1a ~' ~ 
Vl 6 l (Ll • Jl) ·-. 
[Vl ·']· exp CsY" t/ (A-14) 
Substit\ltiOn· ·.of the·· V'f,lues · of ti( .and· (3 'i:r1tc,;eguation.. -(A.;.8) ):it}lds ,the· . 
e9uation ·· -· 
(A-15) 
Equation .(A-14.) and (A-15)- can now be used to_ predict the compositions 
of any colu,lllD,_ which operates unper t~ .. assumptions -that were made in 
obtaining the soluti~. 
APPENDIX B 
DESCRIPTION OF THE SOLUTION TO THE EXAMPLE 
WORKED WITH THE COMPUTER SOLUTION 
In order to solve this problem, a solution to the initial steady-
state problem had to be obtained. This solution was obtained using the 
method of Erbar and Maddox that was described in Chapter V. This computer 
program required vapor-liquid equilibrium data and enthalpy data for each 
of the components. The vapor-liquid equilibrium data were obtained from 
the Engineering~~ (17) and the enthalpy data were obtained from 
:lfl2lied Hydrocarbon ThermoQY_namics by W. C. Edmister(8). 
Once the initial conditions had been determined, the effect of the 
change in feed composition was calculated with the following equations, 
which are the steady··state forms of the equations derived in Chapter IV 
for the simple fractionation. column: 
-(V Y1,1 - vf Yf,l) + 31, 1 l (Kx)O~l - y "" 0 (1) f, 1 
(L' xl,l - LO x0,1) + Jl 1 (Kx)O 1 • y f 1 "" 0 (2) 1 ' -~ , ~ -
-(V2 Yz~l - Vb Yb,1) + 32 1 (Kx)f,1 -Yb, 1 "" 0 (3) 
' 
(12 x2 1 ~ Lf xf, l) + 32, 1 (K}<)f,1 - Yb,1 = 0 (4) ,-
In addition, the normal material balance equations were used. In this 
example, the column was assumed to have no accumulator and the reboiler 
was assumed to act as an equilibrium stage. 
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